Certain higher dimensional operators of the lagrangian may render the vacuum inhomogeneous. A rather rich phase structure of the φ 4 scalar model in four dimensions is presented by means of the mean-field approximation. One finds para-ferro-ferri-and antiferromagnetic phases and commensurateincom-mesurate transitions. There are several particles described by the same quantum field in a manner similar to the species doubling of the lattice fermions. It is pointed out that chiral bosons can be introduced in the lattice regularized theory.
Introduction
Only renormalizable Quantum Field Theory models are considered in Particle Physics. This was explained traditionally by inspecting the UV divergences generated by the operators in the framework of the perturbation expansion in a homogeneous background field. The non-renormalizable theories were rejected due to the need of infinitely many coupling constants. This argument has been further developed in the last decades. First it came the realization that what really matters in Particle Physics is not the true UV divergence because one always works with effective theories in the lacking of definite knowledge of the Theory of Everything. The characterization of the renormalizable operators was modified by looking into their importance at low energies. In particular the equivalence of the renormalizability of an operator with its relevance at the UV fixed has been established [1] . Thus non-renormalizable operators can be excluded because they do not change the universality class, i.e. their influence on the dynamics decreases as we move away from the UV scaling regime towards the physical energy scales.
There are three different mechanisms which nevertheless may turn a coupling constant what was found irrelevant in the usual treatment into an important parameter of the theory:
Loop corrections: The anomalous dimensions should be taken into account in the power counting argument [2] which may generate new relevant operators at the UV fixed point. The physical picture of the strong coupling massless QED vacuum [3] which suggested this natural generalization of the power counting method is based on the observation that the positronium may acquire negative energy and collapse onto the size of the cut-off for e = O(1). The condensate of these bound states breaks the chiral symmetry and the IR features of the resulting vacuum are modified when compared to the perturbative ones.
Multiple fixed points: There are always other fixed points in the vicinity of the renormalized trajectory, in particular at the IR end, which generate different scaling laws. If a non-renormalizable operator turns out to be relevant there then its coupling constant influences the low energy content of the the theory [4] . Such an alternation of the scaling laws is specially important for the Theory of Everything in which the Composite Models, Grand Unification, Electro-weak Theory, QCD, QED, Condensed Matter Physics and Solid State Physics appear as different "scaling islands" for the same renormalized trajectory.
Tree-level effects: The power counting argument traces down the influence of the loop corrections to the scaling laws. The tree level effects of certain operators might be much more complicated in relating different length scales and they may generate new important coupling constants which defy the classification based on a perturbative implementation of the Wilson-Kadanoff blocking procedure [5] , [6] . In fact, if the semi-classical vacuum is nonhomogeneous then the successive elimination of the degrees of freedom in the blocking procedure should be performed in the semi-classical approximation. The non-trivial saddle points represent qualitatively new contributions to the scaling laws [7] . Such kind of theories are the subject of this paper. We shall consider the simplest case, that of a self interacting scalar particle in four dimensions.
The surprisingly strong tree-level effects of the non-homogeneous saddle points raise the following issue. The usefulness of the ferromagnetic condensate in mass generation has long been been recognized in Particle Physics [8] . The vacuum of such a model is a coherent state of particles with zero momentum. What happens if particles with non-vanishing momentum form a condensate ? Such a quantum state is similar to the laser except that the negative temperature distribution of the particles is provided by a vacuum instability. The momentum of these particles characterizes the transformation properties of the vacuum with respect to the translations in space-time. Thus the field expectation value in this vacuum will be a non-trivial function of the space-time coordinates with a characteristic length given by the inverse of the typical momentum of the particles in the coherent state. An oscillating saddle point configuration is similar to the Nèel state of the antiferromagnetic Ising model. This formal similarity will lead to far reaching analogies between Solid State Physics and the phenomenology of this condensate.
The inhomogeneity of the vacuum opens the possibility of an extremely rich phase structure. We find the usual phases of Solid State Physics which belong to the para-ferro-ferri-or antiferromagnetic vacuum. The elementary excitations in these phases are the Bloch waves and allow us to identify two particles described by the same quantum field. The different phases and the phase boundaries are characterized by the status of symmetries like the space-time inversion and the exchange of these two particles. Such a mixture of the external space inversion and the internal space exchange makes it possible to construct a model where one of the particles is removed and the only remaining one carries non-vanishing chiral charge. Furthermore series of non-analytic points, commensurate-noncommensurate transitions, can be identified in the coupling constant space due to the tree-level effects of the UV cutoff. The cut-off is usually ignored in the tree-level solution though it is actually present in a consistent regularization of the path integral. When the important configurations, the saddle points, have length scales close to the cut-off then these tree-level cut-off effects become more important [6] .
The unusual features of the model can be traced back to the fact that the condensate and the dynamical symmetry breaking are driven by the kinetic rather than the potential energy terms of the action. It has already been remarked that the kinetic energy becomes dominant in high temperature QCD and leads to the dynamical breakdown of the fundamental group symmetry in high energy processes [9] . This time the kinetic energy drives the formation of the non-trivial elementary cells in the ground state which break the space-time inversion symmetries and introduce a non-trivial length scale in the vacuum.
A condensate induces non-perturbative effects. If it is made up by particles with typical momentum |p| = p cond then one expects a crossover in the renormalization group treatment and other non-perturbative phenomena at this scale. We have the following two options at this point:
1. p cond remains finite as the cut-off is removed. Then the condensate offers the possibility of matching two fundamentally different scaling regimes and dynamics in the same model. The ionic lattice of the solids belongs to this case. One has problems with unitarity at the UV side of the condensate, like with hard phonon scattering processes which create lattice defects in solids [10] , [11] , [12] .
2. p cond is proportional to the cut-off and the length scale of the condensate approaches zero during the renormalization. One looses the scaling regime which lies at the UV side of the condensate. The vacuum appears homogeneous for observations made at finite energy nevertheless the excitations above it can be rather different than with ferromagnetic condensate or with no condensate at all.
The problem with the unitarity in the first case requires infinitely many higher order terms in the action with fine tuned coupling constant. Since this problem is eliminated in the second option this will be the strategy followed. In the present paper we consider the theory in the mean-field approximation, i.e. the quantum fluctuations will be sought by ignoring their interactions above a mean-field vacuum.
The organization of the paper is the following. The unusual tree-level effects of the heavy modes arise from the non-trivial saddle points either for the heavy or the light modes according to the argument in Section 2. The tree level phase structure of a Φ 4 model with higher order terms in the lagrangian in dimension d ≤ 4 is presented in Section 3. A more detailed analysis is needed in the vicinity of the simplest antiferromagnetic phase of d = 4. This is performed in Section 4. The elementary excitations are identified by the help of the free propagator in Section 5. The symmetry aspects of the phase diagram and the interpretation of the different particle modes of the system is the subject of Section 6. Finally, Section 7 is for the conclusions.
Tree-level non-decoupling
It is simpler to demonstrate the influence of the heavy particle modes on the low energy dynamics by considering a four dimensional theory which contains two scalar fields, φ and Φ, with masses m and M >> m, respectively and where the interactions are described by dimensionless renormalizable coupling constants. The perturbative elimination of the heavy particle leads to an effective theory with infinitely many coupling constants. The tree-level effects may arise (i) during the elimination of the heavy mode particle Φ or (ii) within the effective theory for φ.
(i) The loop integral I which represents a contribution to the effective coupling constants G ef f is finite since the original theory was properly renormalized and contains the heavy particle propagator only. Thus the heavy mass dependence of this contribution is factorizable,
is the mass dimension of G. Expressing the effective coupling constants in the mass scale of the light particle we have
In the limit when the physical scale m becomes IR compared to the cutoff of the effective theory, M, m/M → 0 the non-renormalizable effective coupling constants, [G ef f ] < 0, are suppressed. This argument is a trivial, simplified version of the decoupling theorem [13] and shows that it holds for the loop contributions only. The tree-level effects of the heavy particle exchange processes on the light particle dynamics may evade the suppression predicted by the decoupling theorem.
(ii) The decoupling theorem is usually evoked to simplify the effective theory by retaining the non-suppressed, renormalizable coupling constants only. But even if the coefficient of a higher dimensional, non-renormalizable operator is small, its impact on the tree-level dynamics of the light field might be essential. Consider for example a non-renormalizable term with higher power of the space-time derivatives in the lagrangian. Its contribution is small for slowly varying configurations but turns out to be large if the field configuration contains fast oscillations. If these oscillations occur at the cutoff scale, M, then the suppression factor of the decoupling theorem can be compensated for. This mechanism is at the center of our investigation in this paper. Furthermore, if an inhomogeneous saddle point with fast oscillation is preferred for the light field then this vacuum may in turn have a feedback to the heavy particle contribution, point (i) above.
We shall mention here two cases when terms with higher powers of the derivative generate unusually strong tree-level effects in the effective theory. When the heavy particle exchange leads to attractive forces for certain distances then the effective theory tends to "pile up" its field variable at these length scales. If the attraction is strong enough then it may generate bound or coherent states. These latters are responsible for the tree-level formation of an inhomogeneous vacuum and a radical change of the dynamics of the effective theory.
Gauge theories
The first example refers to models which support non-homogeneous saddle points. Consider the SU(2) Yang-Mills theory in four dimensions which is defined by the lagrangian L = L 1 + L 2 [6] , where L 1 stands for the lagrangian without the regulator,
c j ≥ 0, j = 2, 4. The theory is rendered finite by the Pauli-Villars regularization represented by L 2 with Λ as the cut-off. The regulator L 2 will be ignored in the selection of the saddle point. The action of the instanton solution with the scale parameter ρ is
wherec j = O(c j ) > 0. The scale invariance of the usual, c j = 0, renormalized action is removed by the new terms and instantons at the scale of the cut-off,
appear. The detailed analysis shows that in the dilute instanton gas approximation the path integral is dominated by the mini-instantons which introduce a non-universal scale dependence for the topological observables if
In the remaining region of the coupling constant space the path integral is saturated by the large, i.e. cut-off independent instantons. The similarity between this phase and the strongly coupled phase of QED with dynamical chiral symmetry breaking is obvious. The role of the strongly bound positronium of QED is played by the time dependent coherent state corresponding to the Yang-Mills instanton configuration. In each case the correlation functions for the topological charge density in the Yang-Mills theory and the the electron propagator for QED, are dominated by the short range dynamics. It is quite natural for a global topological observable to be sensitive to the short range fluctuations, e.g. Morse theorems where the presence of certain singularities of a vector field are recognized by the winding number at the infinity. The connection between the UV and the IR regime is established in a purely dynamical manner in QED where the condensation of the tightly bound positronium modifies the long range properties of the electron propagator by opening a gap in the electron excitation spectrum.
Asc 2 is further increased the theory undergoes a phase transition at
where the mini-instanton action becomes negative, i.e. goes below the action of the homogeneous configuration A µ (x) = 0. The instantons are strongly interactive in this regime and form a dense crystal. This is because it is energetically favorable to create an instanton so this process will continue until the repulsion between the instantons stabilizes the vacuum. The lowest action configuration selected by the classical equation of motion should be a regular lattice of instantons. Since the interaction is less repulsive for an instanton-antiinstanton than an instanton-instanton pair this lattice has vanishing topological charge and is made up by instantons and antiinstantons in an alternating manner. Since this crystal is densely packed and rigid the space-time translation invariance is broken to a discrete space group. The alternating instanton-antiinstanton lattice is reminescent the Nèel state of the antiferromagnetic Ising model. The phase structure of the model is quite involved. A simpler model with higher derivative interaction in lattice regularization shows several phases which can be characterized by the number of planes in which the field strength tensor displays staggered short range order [11] . This is a typical feature of models with frustration, the number of directions in spin models or planes in theories with gauge symmetry which support staggered order depends on the relative strength of the competing interactions. The highly complex phase structure makes it necessary to start the investigation of the antiferromagnetic phase in a simpler case, namely the self interacting scalar field model.
Scalar model
Another, simpler example where the higher order terms modify the dynamics at the tree-level is the one component φ 4 model defined by the action
where
Models with higher order derivative terms have already been considered recently [14] , [15] , [16] , [17] . We suppose first that the vacuum is homogeneous, < Φ(x) >= const. The quantum fluctuations are then plane waves with the eigenvalues
for the second functional derivative of the action. Modes with negative ǫ(p 2 ) are unstable and generate a condensate. When m 2 < 0 and c j = 0 we have a ferromagnetic instability. After filling up the most unstable mode at p = 0 the system stabilizes itself and the only change in the interaction is the apparence of a three particle vertex which describes the processes where a particle is exchanged with the condensate. If the heavy particle exchange is sufficiently strongly attractive at certain length scale ξ a then c 2 becomes large and ǫ(ξ −2 a ) < 0. An instability shows up in this case for
when m 2 = 0. Thus the possibility of forming a condensate with nonvanishing momentum arises. The filling of this condensate by the most unstable mode, p
, modifies the interaction between the plane wave modes in a rather complicated manner and particles with different momentum may appear in the stable condensate. It is reasonable to expect that the Fourier transform of the field expectation value is peaked around p 2 = p 2 cond . Its spread is a measure of the strength of the interaction within the condensate. Notice that the action is bounded from below for λ > 0 because S → ∞ either when p 2 → ∞ or when the amplitude of the oscillations tends to infinity.
The higher derivative terms play a role which is formally similar to the Pauli-Villars regulator and render the theory finite. In fact, the O(p −6 ) propagator suppresses the loop integrals smoothly at p 2 ≈ Λ 2 . This is in agreement with the general feature that the regulators are always made up by irrelevant operators. Nevertheless we keep an ultraviolet cut-off, the lattice spacing a, in the theory in order to have a complete freedom in choosing the length scale of the antiferromagnetic condensate, ξ ≈ p −1 cond . We shall explore the dynamics of the effective theory (7) in the mean-field approximation. First step will be the determination of the phase structure. The spectrum of the free quantum fluctuations will be studied later.
3 The mean-field phase structure
In this Section we classify the different phases of the scalar theory (7) at the tree-level. We identify the order parameter with the condensate, < Φ(x) >, which is a non-trivial function with the Fourier transform
The ferromagnetic condensate isΦ vac (p) = Φ 0 δ (d) (p). The functionΦ(p) has a peak at p ≈ p min for an antiferromagnetic condensate. One may also have the ferrimagetic phase whereΦ vac (p) displays two peaks, one at p = 0 and another at p = p min = 0. When a consistent cut-off, like lattice is used which acts on the tree-level, as well, then there are two length scales in the antiferromagnetic vacuum, the lattice spacing of the condensate and the regulator. The phase structure is amazingly rich in this case due to the commensurateincommensurate phase transitions. We begin our investigation by looking for the lowest action solution of the equation of motion for (7).
d=1
The finite difference equation was solved numerically in two different regimes, Λ −1 >> a and Λ −1 ≈ a, where a is the step size of the finite difference equation, a = ∆x, our regulator.
The continuum theory, Λ −1 >> a: The removal of the cut-off a is trivial for the tree level, classical equation and one finds the solution of the differential equation as a → 0. In order to find the lowest action solution we considered the configurations which yield finite action density,
The solutions of the variational equation are not constant since ǫ(0) > ǫ(p 2 cond ). In the same time the Φ 4 potential energy keeps |Φ(x)| bounded. Thus we conjecture that all solution for −∞ ≤ x ≤ ∞ with finite action density are periodic. In this manner periodic boundary condition was imposed on the field, Φ(x) = Φ(x + T ). The minimization of the action density with respect to Φ(x) and T indeed led to periodic solutions, one of them is depicted in Fig. 1a . It was checked by increasing the volume T that the minimal action configuration remains periodic.
This result can be compared with the a variational approach where the form Φ(x) = A sin ωx (13) is assumed. The action density with T =
The extremum conditions
which read as
give
and
One can see thet the period length is determined by the c j and the amplitude is controled by the term φ 4 . These two methods give A num = 10.65Λ
cond ), of the solution of the continuous differential equation is a "floating", analytical expression of the coupling constants. This may change when finite difference equations are considered. In fact, the periodic length of the condensate may be incommensurate [18] with the numerical discretization of the differential equation. ℓ and a are commensurate and belong to the class (M, N) when Mℓ = Na, M and N being relative primes. In this case ℓ locks in as the function of the coupling constants and creates a devil's staircase. A similar phenomenon was analyzed for models where the kinetic energy is quadratic but has minimum at non-vanishing momentum [19] . One can easily find the simple commensurate phases, M = 1, N not too large, c.f. Fig. 2a . The high (M, N) commensurate points are presumably washed together with the incommensurate regions when the quantum fluctuations are taken into account. We shall study the particle content of the simplest antiferromagnetic phase, (M, N) = (1, 2) in the next Section. The generalization of our method for the higher commensurate theories is possible though complicated. The spectrum of the elementary excitations of the incommensurate theories is rather involved and qualitatively different [20] . The phases (1, N) with odd N are of ferrimagnetic type. This is because there are odd number of lattice field variables in a period length on the lattice which in general do not add up to zero, c.f. Fig. 1b .
The complex phase structure of the lattice theory should be present in any other regularization as well where the regulator is introduced in a consistent manner at the tree-level. One may take the sharp momentum space cut-off, as an example. Its implementation on the tree-level leads to the acceptance of field configurations as possible saddle points whose Fourier components are vanishing for momenta beyond the cut-off. We believe that the solutions of the Euler-Lagrange equations which satisfy such a constraint display similar commensurate-incommensurate transitions though the details of the phase diagram may differ.
There is actually subphase in the (1, 2) antiferromagnetic phase which is not detectable by the mean-field order parameters but can be identified by investigating the elementary excitations. One finds that in the narrow strip "e" on 
d=2,3,4
For d > 1 the staggered order generated by c 2 is more complicated. This is due to the fact that the kinetic energy of the continuum theory is O(d) invariant and the most unstable modes at the minimum of the the dispersion relation are found on a S d−1 sphere. The minima of the dispersion relation should form a discrete set of points in the restricted Brillouin zone in order
Continuum theory, Λ −1 >> a: We found the local minima of the action density corresponding to the relativistic and the non-relativistic vacuum in d = 2 as depicted in Fig. 3 . The latter is the absolult minimum. Inspired by the numerical results we have tried the following ansatz,
The variational method gives acceptable but less accurate result than in the one dimensional case for Φ rel (x, y) due to the tree-level interactions which split the degeneracy of the condensate at |p| = p cond . The highly nontrivial effect of such a deformation of the saddle point on the elementary excitation will be investigated below. The vacuum with d AF = 1 remains similar to the one dimensional case. Lattice regulated model, Λ −1 ≈ a: Only the ferromagnetic phase and the antiferromagnetic phase (1,2) were located. The absolult minimum of the action is relativistic in the (1,2) antiferromagnetic phase, the non-relativistic and anisotrop vacuum lie higher as local minima.
The phases of c ≈ 0
We shall determine the boundary of the para-, ferro-and the (1, 2) antiferromagnetic phases by means of the mean-field method. The lattice regulated action is written in terms of the dimensionless variables
2 a 2 and the unit vectors (e µ ) ν = δ µν , as
E(ϕ(x + e µ + e ν ) + 2ϕ(x + e µ − e ν ) + ϕ(x − e µ − e ν ))
ϕ(x + e µ + e ν + e ρ ) + 3ϕ(x + e µ + e ν − e ρ )
where the coefficients A, B, C, D, E, F, G are defined by
The explicit apparence of the cut-off in the tree-level expression allows us to explore the theories with c 4 = 0. In fact, the instability of the theory with c 4 = 0 arises form the kinetic energy when c 2 > 2 is bounded in the momentum space. Since this instability is only quadratic in the amplitude of the oscillations it can be stabilized by the φ 4 term of the potential energy. We seek the vacuum in the form
where the variational parameters are ϕ 0 , ϕ 1 and the number of antiferromagnetic directions, d AF . The action of the lattice nabla operator on the vacuum is
which yields
The action density to minimize is
what we write in the generic form
s(y) is a quadratic surface with a saddle point at
s(y) can be written as where
The action has an unstable direction along the z 1 axis so its minimum in the segment y j ≥ 0 is achieved at y m on the border, y m1 = 0 or y m2 = 0. In other words there is no ferrimagnetic phase for c 4 ≈ 0. The action along the axis y 1 and y 2 is
with minima at
where the action density takes the value
A minimum is realizable in the model if each component of y m is non-negative which yields the conditions
In order to minimize the antiferromagnetic action density with respect to d AF one has to minimize M 
The first case is actually a para-or ferromagnetic case. Thus the (1, 2) antiferromagnetic phase is always relativistic for small c 4 . The antiferromagnetic vacuum is below the ferromagnetic one for
which yields the phase structure of Fig. 5a . By the help of (26) 
The elementary excitations
The quasiparticles of the mean-field approximation are given by the help of the free propagator. We shall obtain the propagator in the different phases considered above for small c 4 to avoid the higher commensurate or incommensurate regions. We start with
The mass parameter is given bỹ
in the different phases. We write
with the notation
The antiferromagnetic phase requires special care because its elementary excitations above the periodic vacuum are the Bloch waves. Their spectrum has band structure due to the destructive Bragg scattering. The excitations may take a momentum
from the vacuum where n µ (α) = 0 or 1. The relation between the index 1 ≤ α ≤ 2 d and the vector n µ (α) is
It is then advantageous to split the
Brillouin zone into 2 d restricted zones,
The fluctuations around an extremum which is at the same time a minimum of the propagator are the particle like excitations. In this manner the single quantum field φ(x) might be responsible for several particles in the same time. We shall use the restricted zone notation in each phase and shall see that only the particle modes survive in the continuum limit.
It is amusing to observe some trace of the formal similarity between the Bloch waves of this antiferromagnetic (1, 2) vacuum and the fermion species doubling on the lattice. This analogy will be used later to identify an important discrete symmetry of our model.
The extrema of the free propagator
In order to distinguish the particle like modes from other excitations we have to locate the extrema of the propagator. The derivative of the inverse propagator, dG
shows that the propagator has indeed 2 d extrema at the centers of the restricted Brillouin zones. The other extrema satisfy the equation
The sign − is not interesting for us because it always belongs to a local maximum. We shall briefly comment on the role of the extremum given by the sign + below. The inverse propagator takes the values
at the center of the Brillouin restricted zones where
is the number of dimensions with antiferromagnetic excitations. The second derivative of the propagator is
The Brillouin zone B 1 : We find
so the Bloch waves of the longest wavelength zone are always particle like. The Brillouin zone B 2 d :
The right hand side is positive for c 4 ≈ 0, and B 2 d describes particle like excitations in the region of the coupling constant space considered in the previous Section. It is amusing to note that there is a narrow strip in the phase (1, 2) , between the line
and the onset of the incommensurate region, c.f. region "e" in Fig. 2b . Suppose that we take the theory with c 2 >> 1/4d, c 4 = 0 in the (1, 2) antiferromagnetic phase and increase c 4 . The absolult minimum of the dispersion relation stays at p = P (2 d ) for small c 4 . As c 4 is increased this minimum flattens out and becomes a local maximum when (56) is satisfied. In the same time the absolult minimum splits off this point and moves to the values of p which is given by (50) with the sign +. The right hand side of (50) is between 0 and d so the momenta which satisfy this condition filll up a deformed d −1 dimensional sphere in the Brillouin zone. For d = 1 we have two solution for (50) with opposite sign, p cond = ±p 2 and the system has three particle like excitations at p = 0 and p = ±p 2 . In higher dimensions the absolult minimum of the dispersion relation is achieved on a closed surface, homotopic to S d−1 and the excitation spectrum has continuum degeneracy in the region "e". A formally similar situation occurs in the potential energy in the spontaneously broken phase of the O(d) linear sigma model. We believe that one can find the analogy of the Goldstone theorem even if the degeneracy comes from the kinetic energy and we have two bands with gap and a d − 1-fold degenerate gapless excitation spectrum in this regime. Since we are interested in the phase (1, 2) for c 4 ≈ 0 we are not considering the region "e" any longer and the the restricted Brillouin zone B 2 d will always represent one particle in the present work. The Brillouin zones B α , α = 2, · · · , 15 : We present here the case α = 2 only where P µ (2) = (π, 0, 0, 0),
= −2(1 − 8c 2 + 64c 4 ),
for ℓ = 2, 3, 4 and
for µ = ν. The other zones yield similar result and they contain no extrema but saddle points only. Thus one finds two particle modes in the phases considered. The other 14 reduced Brillouin zones have excitations which are non-particle type. This result holds in each phase for small c 4 .
The continuum limit
In order remove the 14 unusual excitations found above we take the continuum limit, a → 0. This is quite a simple procedure in the mean-field approximation where the quantum fluctuations are kept non-interacting. We keep the mass parameter m 2 of the lagrangian cut-off independent in this approximation so m
yields lim
for the fluctuations in B 1 and B 16 . The mass and the wave function renormalization constant are given in Table 1 The other restricted Brillouin zones result in each phase
where d(α) is given by (52) and p ′ = P (16) − p. The particular form ofM 2 depends on the phase. The mass parameter of this propagator diverges as O(a −2 ) when the masses are kept finite for α = 1 and α = 16. The mass spectrum: The two particles are equivalent and thus degenerate along the chiral line, χ P , χ F and χ AF . The energy density and the particle content is the same for the lines χ F and χ AF , it is the momentum of the condensate which changes in a discontinuouis manner as one crosses the chiral line between the phases F and AF . The particle of the restricted zone B 1 is the lighter one in the phases F and P F . The staggered excitations of B 2 d are the lighter ones in P AF and AF . The excitations of the restricted zone B 16 are always massless along the transition line P − AF .
The momentum conservation
The momentum is not conserved in the antiferromagnetic phase because the particles may exchange momentum with the inhomogeneous vacuum. One can recover the momentum conservation by the introduction of the momentum
where the quanta of the momentum which can be borrowed from the vacuum is removed. Whenever this happens the particle type changes. The simultaneous shift of all components, p → p + P (2 d ), corresponds to the exchange of the two particles, 1 ←→ 2 d .
The symmetries
The phase structure and the order parameter of the model is quite involved so it is all the more important to find the symmetries relevant to the phase transitions. We can identify two kind of symmetries, one which is realised at certain points only of the phase boundary and others which distinguish the different phases.
Chiral symmetry
There are two particles in the model so one expects that the theory where the two particle species become symmetrical might be special. The transformation χ :
which amounts to the shift
connecting the particle species will be called chiral transformation [12] . It always leaves the ultralocal even potential energy invariant. The propagator and with it the kinetic energy changes as
The theory which is invariant under χ,
will be called chiral symmetrical. Note that mass parameter of the kinetic energy is vanishing, M 2 L (d, c 2 , c 4 ) = 0 and the two particle species are degenerate in such a theory.
The operator P ± = 1 2
(1 ± χ) projects on the fields belonging to the even or odd sublattices,
The kinetic energy couples φ + and φ − in general. Since the transformation (63) acts as
the fields φ + and φ − decouple in the chiral invariant theory. This decoupling gives another insight into the dynamics of the phase transitions. The chiral theory contains two independent and equivalent φ 4 theories. If they are in the symmetry broken phase then their condensate has the same absolute magnitude. The relative phase is undetermined and will be the result of the microscopic differences between the fluctuations of the two fields, in a manner similar to a spontaneous symmetry breaking. The ferromagnetic phase is realised when the sign of the condensates agree. The sign is the opposite in the antiferromagnetic case. The spontaneous symmetry breaking is the result of the infrared modes in the independent theories. In case when the sign of the condensate happens to be different then the resulting vacuum of the original theory which contains both sublattices has an ultraviolet condensate. In this manner the original, infrared mechanism appears in the ultraviolet and generates dynamical symmetry breaking for the observables of the complete lattice.
Chiral bosons
The origin of the chiral symmetry becomes clearer by introducing the hypercube variables x µ = 2y µ + n µ where n µ labels the different sites of the ele-mentary cell of the (1, 2) antiferromagnetic vacuum and the chiral fields [21] φ n (y) = φ α (y) = φ(2y + n(α)).
We need the linear superpositions [22] 
where the matrix
performs the Z 2 Fourier transformation in the elementary cell. Since
the inverse Fourier transformation is
The chiral transformation is diagonal on the chiral field basis,
The vector of the last expression is defined as
Space-time inversions
The space-time inversions will serve two purposes: On the one hand, they demonstrate the formal similarity between the field φ α (y) and the chiral fermions. On the other hand, they are the symmetries which distinguish the ferromagnetic and the antiferromagnetic phase. The inversion I ν of the coordinate I ν :
flips the µ-th components of the elementary cell vector n µ ,
where the matrix U µ acting on the elementary cell is defined as
The space inversion,
The field U P φ(y) will be called the P-helicity partner of φ(y). The combined effect of the time inversion T = I 1 and the space inversion is represented by
U P T φ(y) will be called the PT-helicity partner of φ(y). Finally we define ρ as
which maps the fields of the two sublattices, φ + and φ − into each other in a specific manner. We found that the chiral transformation is diagonal and the space-time inversions are non-diagonal in the chiral field basis. The situation is just the opposite after a Fourier transformation. First we show that the Fourier transformed fields are eigenvectors of the space-time inversions.Ũ µ which represents I µ on the Fourier transformed elementary cell is given byŨ µ A = AU µ , what yields
In a similar manner we have
Thus the Fourier transformed fields have well defined space and time inversion parities,
On the contrary, the chiral transformation becomes non-diagonal after a Fourier transformation,
The corresponding transformation of the vector index n µ (α) is χ :
Bosonic chiral theory
It is wortwhile to compare our result with the fermionic case.
Particle species: The naive fermion theory has 2 d species in lattice regularization which is just the number of restricted Brillouin zones in the antiferromagnetic phase (1, 2) . Out of the 2 d restricted Brillouin zones only two contain particle modes for small c 4 . The helicity, the projection of the angular momentum on the momentum of a scalar particle is identically vanishing. Nevertheless one can construct a pair of scalar fields φ ± (x) = φ s (x) ± φ ps (x), which are exchanged under space inversion by the help of a scalar and a pseudoscalar field, φ s (x), φ ps (x), respectively. The chiral spinors are exchanged by the space inversion, U P = iγ 0 . By analogy we may call φ ± (x) and φ α (y) chiral fields. The excitations around p = P (1) and P (16) of the Brillouin zone correspond to the slowly varying fields φ s (x) and φ ps (x), respectively. Note that the projection of the angular momentum on the momentum is the same, 0, for all members of the O(d) multiplet of the chiral scalar particle as for the 1+1 dimensional fermions.
Chiral symmetry: The chiral spinors decouple in the massless fermionic theory as our chiral boson fields do at the theory (66). The analogue of the discrete chiral transformation, ψ → γ 5 ψ, is φ → χφ, given by (63). The standard representation for the Dirac bispinors provides fields with well defined parity similar to the Fourier transformed chiral fields of the scalar model.
Chiral charge: The chiral charge of a chiral spinor is its eigenvalue for γ 5 . The sum of the chiral charge is zero for the naive fermions on the lattice. The chiral charge of the scalar modes on the even or the odd sublattices is +1 or -1, respectively. Thus the total chiral charge is vanishing in our model as long as there are as many degrees of freedom on the even as on the odd sublattice.
Chiral particles: The chiral fermions represent a serious problem in lattice regularization because the theory with a single chiral fermion is not covariant under space inversion. The realization of this condition meets difficulties in the usual lattice theories [23] . There is more flexibility in the scalar model where we might as well use the symmetrical or the anti-symmetrical combination of the two particle modes in B 1 and B 2 d for the chiral symmetrical theory. In fact, these modes are degenerate and decouple. Such a combinations correspond to the fields φ ± constructed in (67). Since these fields have no interactions between themselves one of them can be set to zero. The resulting model which exists only at the chiral point contains a single particle with non-vanishing chiral charge and a freely adjustable mass and coupling constant,
in the continuum limit of the mean-field approximation. The no-go theorem, [23] , about the impossibility of having a single fermion with non-vanishing chiral charge has topological origin. The non-trivial elementary cell of the antiferromagnetic phase which becomes small in the continuum limit offers the possibility of avoiding the usual transformation rules with respect the space-inversions and thereby circumvents the problem at least for bosons. The differences of the physical properties of a chiral and an ordinary boson with well defined parity will only be seen after coupling the chiral boson to other particles.
When the theory with broken chiral symmetry is considered then the chiral fields φ ± are coupled. The low energy elementary excitations are made of the slowly varying fields φ ± as
The ρ parity of the fieldφ ± is ±1 and it belongs to the zone B 1 and B 16 . The effective theory obtained on the tree level, (27), is for low enough energy where the further influence of the higher order derivatives on the propagator is negligible.
The symmetries of the phase diagram
For the more complete characterization of the symmetries of the model we finally introduce the discrete analogue of the charge conjugation to our real field, γ :
The symmetries of different regions of the coupling constant space (m 2 L , c 2 ) is shown for c 4 = 0 in Table 2 . One can see that the ferromagnetic condensate is detectable by the internal space order parameter only. The dynamical breakdown of the space inversion symmetry in the vacuum is characteristic of the antiferromagnetic phase. In agreement with this remark the particle scattering off such a vacuum may borrow the momentum P (2 d ) and change its parity.
Conclusion
We showed an interplay between the symmetry breaking patterns in the internal and the external space realized by the higher dimensional pieces of the kinetic energy term of the action of a φ 4 theory. The strongly distance dependent interactions described by these pieces generate non-trivial elementary cells in the vacuum and render the dynamics of the system somewhat similar to Solid State Physics.
A highly complex phase structure was found with a number of commensurate-incommensurate transitions. As of the elementary excitations are concerned there are two particle modes in the vicinity of the antiferromagnetic (1, 2) phase, the analogues of the acoustic and optical phonons of the solid states because they correspond to the in phase and the out of phase oscillations in the elementary cell. The emergence of the non-homogeneous condensate of the phase (1, 2) reduces the translation invariance into translation by even number of the lattice spacing. Nevertheless no Goldstone bosons appear. This is because the condensate is at the cut-off scale where the continuous translation symmetry is broken by the regularization.
The space inversion exchanges the two particles of the theory. This opens the possibility of constructing chiral bosons on the lattice for such a choice of the coupling constants where these two particles decouple. We showed that the dynamical breaking of the space inversion symmetry is characteristic to the formation of the non-trivial elementary cells of the antiferromagnetic phase.
We believe that the phenomena mentioned in the framework of the scalar φ 4 model are generic and can be found in any bosonic model. A theoretical test of such a model as a more realistic effective theory is the possibility of removing the length scale of the elementary cell of the vacuum in order to suppress the non-unitary processes related to the creation of the lattice defects. The period length of the vacuum can be sent to zero in the one-loop approximation [24] . It remains to be seen if this result generalizes to higher loop order. One should bear in mind that such a perturbative approach is reasonable at or above the upper critical dimension. For d < 4 one expects to find strongly coupled long range modes and the vacuum is made homogeneous in a manner similar to spin fluids [25] .
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